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n
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u
a
g
e
s:
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m
p
le

s
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n
t.)
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sin

g
th

e
a
lp

h
a
b
e
t
Σ

A
S
C

I
I+

=
Σ

A
S
C

I
I
∪
{
†
}
,
w
e

d
e
fi
n
e

th
e

u
n
ive

rsa
l

la
n
g
u
a
g
e

L
u

=
{
f
†
x
†
y
}

w
ith

(18)
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∈

L
C

,

(b
)

x
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y
∈

Σ
∗A

S
C

I
I ,

(c)
a
p
p
lyin

g
f

to
x

te
rm

in
a
te

s
a
n
d

re
tu

rn
s

y
.

�

T
h
e
se

e
xa

m
p
le
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sh

o
w

th
a
t

fo
rm

a
l
la

n
g
u
a
g
e
s

h
a
ve

a
w

id
e

sco
p
e
.
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w
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r
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b
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I
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a
s
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e
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te
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fo

r
L
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o
r
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p
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ro

d
u
ct

o
f
a

fo
rm
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l
la

n
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u
a
g
e

.

�
G
ive

n
a
n

a
lp

h
a
b
e
t

Σ
a
n
d

th
e

fo
rm

a
l
la

n
g
u
a
g
e
s

L
1
,
L

2
⊆

Σ
∗
,
w
e

d
e
fi
n
e

th
e

p
ro

d
u
ct

L
1
·
L

2
=
{
w

1
w

2 |w
1
∈

L
1
,
w

2
∈

L
2 }

.
(19)

�

e
xa

m
p
le

:

U
sin

g
th

e
a
lp

h
a
b
e
t

Σ
e
n
,
w
e

d
e
fi
n
e

th
e

la
n
g
u
a
g
e
s

L
1

=
{
a
b
,
b
c
}

a
n
d

L
2

=
{
a
c
,
c
b
}
.
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h
e
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ro
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u
ct
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a
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c
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c
b
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.
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p
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e

.

�
G
ive

n
a
n

a
lp
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b
e
t

Σ
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th

e
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rm
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l
la

n
g
u
a
g
e

L
⊆

Σ
∗
,
a
n
d

th
e

in
te

g
e
r

n
∈

I,
w
e

d
e
fi
n
e

th
e

n
th

p
o
w
e
r

o
f

L
(re

cu
rsive

ly)
a
s

L
n

=
L

n
−

1
·
L

w
ith

L
0

=
{
ε
}
.

(22)

�

U
sin

g
th

e
a
lp

h
a
b
e
t

Σ
e
n
,
w
e

d
e
fi
n
e

th
e

la
n
g
u
a
g
e

L
=
{
a
b
,
b
a
}
.

(23)
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is

g
ive

s
u
s

L
0

=
{
ε
}
,

L
1

=
{
ε
}
·
{
a
b
,
b
a
}

=
{
a
b
,
b
a
}
,

L
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=
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b
,
b
a
}
·
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.
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b
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n
d
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rm
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l
la

n
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u
a
g
e

L
⊆

Σ
∗
,
w
e

d
e
fi
n
e

th
e

K
le

e
n
e

star
a
s

L
∗

=
⋃

n
∈

I

L
n
.
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sin
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e
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lp
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b
e
t

Σ
e
n
,
w
e

d
e
fi
n
e

th
e

la
n
g
u
a
g
e

L
=
{
a
}
.
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u
s
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=
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∈
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o
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g
e
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G
ive

n
th

e
a
lp

h
a
b
e
t

Σ
b
in

a
n
d

th
e

la
n
g
u
a
g
e

L
=
{
1
}
.

(28)
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)

F
o
rm
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lly
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e
scrib

e
th

e
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g
u
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g
e

L
′
=

L
∗
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ε
}
.
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e
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D
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)|w
∈

L
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F
o
rm
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e
scrib

e
th
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la
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u
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e

L
′−

=
{
w
|w
−

1
∈

L
′}

.
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scrib

e
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n
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u
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e
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=
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∈

L
′}
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p
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d
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e
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n
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P
yth

o
n
,
g
re

p
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d
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p
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n
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ra
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R
e
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u
lar

e
xp

re
ssio

n
s

.

�
U

sin
g

th
e

a
lp

h
a
b
e
t

Σ
,
w
e

re
fe

r
to

th
e

se
t

o
f
a
ll

re
g
u
lar

e
xp

re
ssio

n
s

a
s

R
.

�
W

e
in

tro
d
u
ce

a
fu

n
ctio

n

L
:
R
→

2
Σ

∗

(33)

a
ssig

n
in

g
a

fo
rm

a
l
la

n
g
u
a
g
e

L
(r

)
⊆

Σ
∗

to
e
a
ch

re
g
u
lar

e
xp

re
ssio

n
r
.

�

H
e
re

,
2

S
d
e
n
o
te

s
th

e
p
o
w
e
r

se
t

o
f
a

se
t

S
.

�

E
.g

.,

2
Σ

b
i
n

=
2

{
0
,
1
}

=
{
∅
,
{
0
}
,
{
1
}
,
{
0
,
1
}
}
,

(34)

a
n
d
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∗b
i
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=
2
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1
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0
1
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∅
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0
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0
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.
T

h
e

se
t

o
f
re

g
u
lar

e
xp

re
ssio

n
s

.

�
T
h
e

se
t

o
f
re

g
u
lar

e
xp

re
ssio

n
s

(R
)

is
d
e
fi
n
e
d

a
s

fo
llo

w
s:

1
.

T
h
e

re
g
u
lar

e
xp

re
ssio

n
∅

is
a
sso

cia
te

d
w

ith
th

e
e
m

p
ty

la
n
g
u
a
g
e
:

L
(∅

)
=
{
}

w
ith

∅
∈

R
.

(36)

2
.

T
h
e

re
g
u
lar

e
xp

re
ssio

n
ε

is
a
sso

cia
te

d
w

ith
th

e
la

n
g
u
a
g
e

co
n
ta

in
in

g

o
n
ly

th
e

e
m

p
ty

w
o
rd

:

L
(ε

)
=
{
ε
}

w
ith

ε
∈

R
.

(37)
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.

E
a
ch

sym
b
o
l
in

th
e

a
lp

h
a
b
e
t

Σ
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a
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a
re

g
u
lar

e
xp

re
ssio

n
:

c
∈

Σ
−
→

c
∈

R
;

L
(c

)
=
{
c
}
.
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p
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w
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s
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e
re
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xp
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s
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r
2
:

r
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R
,
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2
∈

R
−
→

r
1
+

r
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∈

R
;

L
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1
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r
2
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1
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∪

L
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2
).
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s
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n
t.)

.
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W
e

d
e
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n
e

th
e
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x
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p
e
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r
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·”

g
e
n
e
ra

tin
g

n
e
w
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u
lar

e
xp

re
ssio

n
s

u
sin

g
th

e
p
ro

d
u
ct

o
f
th

e
la

n
g
u
a
g
e
s

re
p
re

se
n
tin

g
th

e
re

g
u
lar

e
xp

re
ssio

n
s

r
1

a
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d

r
2 :

r
1
∈

R
,
r
2
∈

R
−
→

r
1
·
r
2
∈

R
;

L
(r

1
·
r
2
)

=
L
(r

1
)
·
L
(r

2
).

(40)

6
.

W
e

d
e
fi
n
e

th
e

K
le

e
n
e

star
o
f
th

e
la

n
g
u
a
g
e

re
p
re

se
n
tin

g
a

re
g
u
lar

e
xp

re
ssio

n
r
:

r
∈

R
−
→

r
∗
∈

R
;

L
(r

∗
)

=
L

∗
(r

).
(41)
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B
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b
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p
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xp
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w
ith
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w
e
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tro
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ce

th
e
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w
in
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o
p
e
ra

to
r
p
re

ce
d
e
n
ce

s:

I.
“
(”
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“
)”

(stro
n
g
e
st)

II.
“
∗
”

III.
“
·”

IV
.

“
+

”
(w

e
a
ke

st)

�

e
xa

m
p
le

:

a
+

b
·
c

∗
=

a
+

(b
·
(c

∗
)).

(43)
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p
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w
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p
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sin
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a
lp
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e
t

Σ
a
b
c

=
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b
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c
}
.
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xp
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n

r
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+
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c
)(a

+
b

+
c
)
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e
scrib
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s
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}
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+
b

+
c
)(a

+
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c
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n
in
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o
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lin

e

1
4
.

r
∈

R
−
→

r$
∈

R

r
h
a
s

to
b
e
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t

th
e

e
n
d

o
f
lin

e
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.

r
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2
∈

R
−
→

r
1
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∈

R
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h
e
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r
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r
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r,
th
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e
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t
(
)
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s

o
n
ly

th
e
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.
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h
e
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b
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p
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t
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.
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∈
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∈

R
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ra
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n
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]
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|
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–
[
a
-
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|
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|
·
·
·
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-
z
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-
Z
0
-
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]
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lp

h
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n
u
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e
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cte
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–
[
^
0
-
9
]
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A
S
C
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cte
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w
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its
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.
[

]
∈

R
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m

p
ty
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1
9
.
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^
]
∈

R
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y

ch
ara
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r

2
0
.
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∈
{
Σ
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S
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I
I \
{
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"
}
}

∗
−
→
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"
∈
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.
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∈
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R
e
g
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e
xp

re
ssio

n
s
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J
F
le

x
(co

n
t.)
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2
2
.

r
∈

R
−
→

~
r
∈

R

T
h
e

u
p
to

o
p
e
ra

to
r
m

a
tch

e
s

th
e

sh
o
rte

st
strin

g
e
n
d
in

g
w

ith
r
.
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d
e
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n
e
d
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cte
r

cla
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[
:
j
l
e
t
t
e
r
:
]

m
a
tch

e
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ch
ara

cte
rs
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r
w
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ich
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llin

g
th

e
J
a
va

m
e
th

o
d
C
h
a
r
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c
t
e
r
.
i
s
J
a
v
a
I
d
e
n
t
i
f
i
e
r
S
t
a
r
t
(
c
)

re
tu

rn
s
t
r
u
e

[
:
j
l
e
t
t
e
r
d
i
g
i
t
:
]
←
→

i
s
J
a
v
a
I
d
e
n
t
i
f
i
e
r
P
a
r
t
(
)

[
:
l
e
t
t
e
r
:
]
←
→

i
s
L
e
t
t
e
r
(
)

[
:
d
i
g
i
t
:
]
←
→

i
s
D
i
g
i
t
(
)

[
:
u
p
p
e
r
c
a
s
e
:
]
←
→

i
s
U
p
p
e
r
c
a
s
e
(
)

[
:
l
o
w
e
r
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s
e
:
]
←
→
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s
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o
w
e
r
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e
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)
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.
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p
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+
d
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)
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u
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R
e
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lar

e
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n
s
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e
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m
p
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.

1
.
[
a
-
z
A
-
Z
]
[
a
-
z
A
-
Z
0
-
9
]
*

typ
ica

l
varia

b
le

n
a
m

e
s

in
p
ro

g
ra

m
m

in
g

la
n
g
u
a
g
e
s

2
.
0
|
[
1
-
9
]
[
0
-
9
]
*

in
te

g
e
r

3
.
\
/
\
/
.
*

C
+
+

co
m

m
e
n
t

(o
n
e
-lin

e
r)

4
.
"
/
*
"

!
(
[
^
]
*

"
*
/
"

[
^
]
*
)

"
*
/
"

C
co

m
m

e
n
t

5
.
"
/
*
"

~
"
*
/
"

C
co

m
m

e
n
t

(u
sin

g
th

e
u
p
to

o
p
e
ra

to
r)

6
.
!
(
!
r
1
|
!
r
2
)

in
te

rse
ctio

n
o
f
tw

o
re

g
u
lar

e
xp

re
ssio

n
s

u
sin

g
d
e

M
o
rg

a
n
’s

law

r
1
∧

r
2
↔
¬

(¬
r
1
∨
¬

r
2 )

(71)
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=
[
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=
a
*
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u
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F
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.

1
.

w
rite

a
J
F
le

x
p
ro

g
ra

m
re

m
o
vin

g
C

a
n
d
C
+
+

co
m

m
e
n
ts

fro
m

a
n

in
p
u
t

so
u
rce

2
.

w
rite

a
J
F
le

x
p
ro

g
ra

m
e
xtra

ctin
g

th
e

p
la

in
te

xt
fro

m
a
n

H
T
L
M

so
u
rce

3
.

w
rite

a
J
F
le

x
p
ro

g
ra

m
co

m
p
u
tin

g
a
ve

ra
g
e

e
xa

m
sco

re
s

p
e
r

stu
d
e
n
t

fro
m

a
sco

re
sh

e
e
t

(e
x
a
m
.
t
x
t
):

E
x
a
m
:
F
o
r
m
a
l
L
a
n
g
u
a
g
e
s
a
n
d
A
u
t
o
m
a
t
a

E
x
e
r
c
i
s
e
:

1
.
2
.
3
.
4
.
5
.
6
.

R
o
n
a
l
d
R
e
a
g
a
n
:

9
1
2
1
0

6
6

0

A
r
n
o
l
d
S
c
h
w
a
r
z
e
n
e
g
g
e
r
:

4
4

2
0

-
-

J
a
m
e
s
D
e
a
n
:

9
1
2
1
2

9
9

6

u
sin

g
th

e
fo

rm
u
la

a
v
g
S
c
o
r
e

=
5
−

4
·
s
u
m
P
o
i
n
t
s

m
a
x
P
o
i
n
t
s

w
ith

m
a
x
P
o
i
n
t
s

=
6
0
.

(72)
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O

u
tlin

e
.

1
.

in
tro

d
u
ctio

n

2
.

re
g
u
lar

e
xp

re
ssio

n
s

–
co

m
p
a
ct

d
e
scrip

tio
n

o
f
se

ts
o
f
strin

g
s

–
fu

n
d
a
m

e
n
ta

l
co

m
p
o
n
e
n
t

o
f
scrip

t
la

n
g
u
a
g
e
s

(P
e
rl,

P
yth

o
n
,
g
re

p
,
se

d
,

aw
k
,
e
tc.)

a
n
d

o
f
m

o
st

m
o
d
e
rn

p
ro

g
ra

m
m

in
g

la
n
g
u
a
g
e
s

(.N
E
T
,
S
Q

L

S
e
rve

r
2
0
0
8
,
J
a
va

,
e
tc.)

3
.

th
e

sca
n
n
e
r
g
e
n
e
ra

to
r
J
F
le

x

4
.

fi
n
ite

-sta
te

m
a
ch

in
e
s

...are
a
b
le

to
d
e
te

ct
re

g
u
lar

e
xp

re
ssio

n
s

5
.

fo
rm

a
l
g
ra

m
m

ars

D
.
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u
e
n
d
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rm
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n
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o
rm
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F
in

ite
-sta

te
m
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ch
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e
s:
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tro

d
u
ctio

n
.

�

W
e

w
ill

in
tro

d
u
ce

fi
n
ite

sta
te

m
a
ch

in
e
s

(F
S
M

s)
a
n
d

sh
o
w

h
o
w

a
re

g
u
lar

e
xp

re
ssio

n
ca

n
b
e

co
n
ve

rte
d

in
to

a
n

F
S
M

a
n
d

th
e

o
th

e
r
w
ay

aro
u
n
d
.

�

W
e

w
ill

se
e

th
a
t

F
S
M

s
ca

n
b
e

d
e
te

rm
in

istic
o
r

n
o
n
-d

e
te

rm
in

istic
w

h
ich

ca
n

b
e

tra
n
sfo

rm
e
d
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e
a
ch

o
th

e
r.
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.
F
S
M

s:
p
u
rp

o
se

.

�
T
h
e

p
u
rp

o
se

o
f
th

e
F
S
M

s
d
iscu

sse
d

in
th

e
fo

llo
w

in
g

is

–
to

re
a
d

a
strin

g
a
n
d

–
to

d
e
cid

e
w

h
e
th

e
r

th
e

strin
g

is
e
le

m
e
n
t

o
f
th

e
la

n
g
u
a
g
e

re
p
re

se
n
te

d

b
y

th
e

F
S
M

.

�

T
h
e

o
u
tp

u
t

o
f
th

e
se

F
S
M

s
is

b
in

ary:
t
r
u
e

o
r
f
a
l
s
e
.

�

A
s

its
n
a
m

e
im

p
lie

s,
F
S
M

s
h
a
ve

a
fi
n
ite

(i.e
.,

fi
xe

d
)

n
u
m

b
e
r

o
f
sta

te
s.
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.
F
S
M

s:
w
o
rk

in
g

p
rin
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le

.

1
.

In
th

e
b
e
g
in

n
in

g
,
th

e
F
S
M

is
in

a
n

in
itia

l
sta

te
.

2
.

F
o
r

e
ve

ry
in

p
u
t

c
∈

Σ
,
th

e
F
S
M

ch
a
n
g
e
s

to
a

n
e
w

sta
te

d
e
p
e
n
d
in

g
o
n

c

a
n
d

th
e

cu
rre

n
t

sta
te

.

3
.

A
fte

r
re

a
d
in

g
th

e
e
n
tire

in
p
u
t

strin
g
,
th

e
F
S
M

is
in

a
ce

rta
in

sta
te

.
If

th
is

sta
te

b
e
lo

n
g
s

to
th

e
se

t
o
f
so

-ca
lle

d
fi
n
a
l
(o

r
a
cce

p
t)

sta
te

s
th

e
strin

g
is

e
le

m
e
n
t

o
f
th

e
a
cce

p
te

d
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n
g
u
a
g
e
.
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F
S
M

s:
e
xa

m
p
le

.

�
a

sim
p
le

F
S
M

re
co

g
n
izin

g
th

e
re

g
u
lar

e
xp

re
ssio

n
a

∗
b
a

∗

0
1

a

b

a

�

T
h
is

F
S
M

h
a
s

tw
o

sta
te

s,
0

a
n
d

1
.

�

0
is

th
e

in
itia

l
sta

te
(w

ith
a
n

arro
w

“
p
o
in

tin
g

a
t

it
fro

m
a
n
yw

h
e
re

”

(S
ip

se
r,

2
0
0
6
))

�

1
is

a
fi
n
a
l
sta

te
(re

p
re

se
n
te

d
a
s

a
d
o
u
b
le

circle
)
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.
F
S
M

:
fo

rm
a
l
d
e
fi
n
itio

n
.

�
A
n

F
S
M

is
a

q
u
in

tu
p
le

A
=
〈Q

,
Σ

,
δ
,
q
0
,
F
〉

(73)

w
ith

th
e

fo
llo

w
in

g
co

m
p
o
n
e
n
ts

1
.

Q
is

th
e

fi
n
ite

se
t

o
f
sta

te
s.

2
.

Σ
is

th
e

in
p
u
t

a
lp

h
a
b
e
t.

3
.

δ
:
Q
×

Σ
→

Q
∪
{
Ω
}

is
th

e
sta

te
-tra

n
sitio

n
fu

n
ctio

n
.
If

δ
(q

,
c
)

=
Ω

,

th
e

F
S
M

a
n
n
o
u
n
ce

s
a
n

e
rro

r,
i.e

.
re

je
cts

th
e

in
p
u
t.

4
.

q
0
∈

Q
is

th
e

in
itia

l
sta

te
.

5
.

F
⊆

Q
is

th
e
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t

o
f
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n
a
l
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te
s.
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M

:
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a
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d
e
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n
itio

n
:
e
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m
p
le

.

�
U

sin
g

th
e

a
b
o
ve

m
e
n
tio

n
e
d

e
xa

m
p
le

,
th

e
F
S
M

is
e
xp

re
sse

d
a
s

A
=
〈Q

,
Σ

,
δ
,
q
0
,
F
〉

(74)

w
ith

1
.

Q
=
{
0
,
1
}

2
.

Σ
=
{
a
,
b
}

3
.

δ
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,
a
)

=
0
;
δ
(0

,
b
)

=
1
;
δ
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,
a
)

=
1
;
δ
(1

,
b
)

=
Ω

4
.

q
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=
0
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.

F
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1
}
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u
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d
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.
L
a
n
g
u
a
g
e

a
cce

p
te

d
b
y

a
n

F
S
M

.

�
In

o
rd

e
r
to

fo
rm

a
lly

d
e
fi
n
e

th
e

la
n
g
u
a
g
e

a
cce

p
te

d
b
y

a
n

F
S
M

,
w
e

g
e
n
e
ra

lize
th

e
sta

te
tra

n
sitio

n
fu

n
ctio

n
δ

to
a

fu
n
ctio

n

δ
′
:
Q
×

Σ
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+
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h
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e

in
p
u
t
b
,
th
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p
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q
0

b
7→
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q
0

b
7→

q
0

(fa
ilu

re
)

2
.

q
0

a
7→

q
0

b
7→

q
0

a
7→

q
0

b
7→

q
1

(fa
ilu

re
)

3
.

q
0

a
7→

q
0

b
7→

q
1

a
7→

q
2

b
7→

q
3

(su
cce

ss)

D
.
S
u
e
n
d
e
rm

a
n
n

F
o
rm

a
l
L
a
n
g
u
a
g
e
s

a
n
d

A
u
to

m
a
ta

N
o
v
e
m

b
e
r

1
5
,
2
0
1
2

7
1



.
N

F
A

:
fo

rm
a
l
d
e
fi
n
itio

n
.

�
E
ve

n
th

o
u
g
h

N
F
A
s

se
e
m

to
b
e

b
a
se

d
o
n

g
u
e
ssw

o
rk

,
in

th
e

fo
llo

w
in

g
,
w
e

w
ill

se
e

th
a
t

th
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p
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{
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.
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m
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∈
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∆
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∩
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p
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+

b
)
∗
b
(a

+
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{
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∆
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∆
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∆
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∆
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∆
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=
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p
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∆
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{
S
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S
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∆
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∆
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S

0
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b
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{
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.
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n
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:
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p
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p
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b
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p
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b
e
t

w
h
ich

r
is

b
a
se

d
o
n
,
w
e

d
e
fi
n
e

1
.

A
(∅

)
=
〈{

q
0
,
q
1 }

,
Σ

,
{
}
,
q
0
,
{
q
1 }
〉

q
0

q
1

D
.
S
u
e
n
d
e
rm

a
n
n

F
o
rm

a
l
L
a
n
g
u
a
g
e
s

a
n
d

A
u
to

m
a
ta

N
o
v
e
m

b
e
r

1
5
,
2
0
1
2

8
7



.
T
ra

n
sfo

rm
a
tio

n
o
f
re

g
u
lar

e
xp

re
ssio

n
s

in
to

N
F
A

s
(co

n
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=
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∪
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〉.
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n
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∪
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∪
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〉.
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a
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n
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→
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